Introduction
Durrmeyer [6] has introduced a Bernstein-type operator of degree n defined by M n (f, x) = (n + 1) Moreover, the operator U n (f, x) has the endpoint interpolation property U n (f, 0) = f(0), U n (f, 1) = f(1), (1.5) and other interesting properties [1, 12] .
In Section 2, we recall some basic properties of the operator U n given in [12] which constitute the main advantages of our degree reduction and approximation method exposed in next sections.
In Section 3, we present a new method for the degree reduction of a Bézier curve with endpoint interpolation by application of the operator U n to a vector-valued function
where p i ∈ R d , i = 0, . . . , n, are called the Bézier control points of the curve. It is a wellknown result (see [8, 9] ) that the curve c n (t) lies in the convex hull of the control points p i , i = 0, . . . , n, and simulates the geometric form of the control polygon {p 0 , p 1 , . . . , p n }.
Furthermore, a small shifting of a control point p i creates a global deformation of the curve c n (t).
Degree reduction of a degree k Bézier curve c k (t) consists in a lower-degree Bézier curve c n (t) (n < k) approximating the first one with sufficient tolerance called "good degree reduction" (see [7, 14] ) or minimizing the
, of the error function (see [13, 14] ). We give a convenient algorithm for an easy and practical computation of the degree reduced curve control points. This is not the case in general for many methods encountered in the literature about degree reduction [2, 7, 13, 14, 15] . Numerical comparison will be made with Bernstein-Kantorovich polynomial
and Bernstein polynomial B n (f, x). In some cases, the operator U n offers better approximation of the given curve than the Bernstein operator B n .
In Section 4, we present a degree n Bézier curve approximation c n (t) for a set of (r + 1) given points q 0 , q 1 , . . . , q r in R d , where n does not depend on r. More precisely,
we approximate the polygonal line passing through the given points q i by a Bézier curve using the operator U n (f, t). Numerical example will be given for which U n performs better than B n .
Basic properties of U n
Here are some basic and useful properties of the operator U n given by Goodman and Sharma [12] .
(1) U n is linear and positive such that U n (1, x) = 1.
(3) The operator U n is variation-diminishing, that is, for any f ∈ C[0, 1] and linear function l, we have
where S(g) denotes the number of strict sign changes of a function g on [0, 1]. In other words, the inequality (2.1) means that the curve U n (f, x) has no more intersections with any line or plane than the curve f, in particular, we see that if f is convex, then so is
2)
Properties (3) and (4) guarantee that the operator U n has a good shape preserving property of the initial data that justifies the advantages of our methods in both cases of degree reduction and approximation.
Degree reduction of Bézier curves
is a degree reduction of the Bézier curve c k (x) with the property of the endpoint interpolation. We give below the rate of approximation of the degree reduced curve. Let
|q ij |, and
Proposition 3.1. (i)
The Bézier curve c n (t) lies in the convex hull of the control points
where C(k) is a constant depending only on k.
The proof of this theorem needs the next result.
lies in the convex hull of the control points q j , j = 0, . . . , k, of the Bézier curve c k (t).
Proof. By definition, we have p 0 = q 0 , p n = q k and for i = 1, . . . , (n − 1),
by the well-known results
4)
we get easily for i = 1, . . . , (n − 1),
Since all the α i,j s are positive, we conclude that each point
. . , n− 1, lies in the convex hull of the control points q j , j = 0, . . . , k.
Proof of Proposition 3.1. (i) By Lemma 3.2, the Bézier curve c n (t) = n i=0 p i b n i (t) lies in the convex hull of the points q j , j = 0, . . . , k.
(ii) It is a direct consequence of the inequality (2.1) applied to each coordinate of the point e(t) as a real continuous function on [0, 1].
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Let
be the ith coordinate of c k (t), then we have
Using the mean-value theorem, we have
where
with ρ i = max 0≤j≤k |q ij | and β(k) = max 0≤j≤k β j (k).
Inequality (2.1) applied to the coordinate function f i (t) gives
Finally, we obtain (3.1)
10)
with ρ = max 1≤i≤d ρ i and C(k) is a constant depending only on k.
Remark 3.3. The error bound (3.1) can be improved to have a better approximation of order O(1/n) where the bound will depend on the magnitudes of the second differences of the Bézier points.
Computing the degree reduced curve
Given the control points q i , i = 0, . . . , k, of the initial curve, we can compute the control points p i , i = 0, . . . , n, of the degree reduced curve in two ways.
Matrix method. Let
0≤j≤k , then we can write in matrix form
where α i,j is defined by (3.1), with the convention m p = 0 for 0 ≤ m < p and
we compute (3.1), we find immediately
(3.12)
We notice that α i,j = α n−i,k−j , for instance, 
j+1 ] for m = 1, . . . , k and j = 0, 1, . . . , k − m. (3.14)
Proof. Let d = n + k and
We can verify the following recursion formula by simple calculation:
Furthermore, we notice that then we get
Hence, it suffices to prove the relation (3.18), we do this by induction on m. Clearly this is true for m = 0. Assume it is true for m − 1 ≥ 0. Then 
Approximation problem
Let q 0 , q 1 , . . . , q r be (r + 1) given points in R d and let 0 = t 0 < t 1 < · · · < t r = 1 be r + 1 real numbers in the interval [0, 1]. We will approximate these points by a degree n Bézier curve with an error of order O(1/ √ n) by considering the polygonal line f(u) passing through the points q o , q 1 , . . . , q r such that f(t j ) = q j and the Bézier curve
1)
denotes the Euclidian distance between the curve U n (f, t) and the curve f(t), then we have the following.
(ii) For i = 1, . . . , n − 1,
Proof. The polygonal line passing through the points q i , i = 0, 1, . . . , r, can be defined by the piecewise affine function f such that
(i) By application of (2.1) to the function f, we have
5)
, and we have (4.2).
(ii) For i = 1, . . . , n − 1, we have
We will give the expression of the p i 's by means of the Bernstein polynomials.
First we calculate
using an integration by parts and the next lemma.
Lemma 4.2. For all positive integers
From (4.8) and (4.9), we deduce
then we obtain (4.3).
We come back to the proof of the second part of Proposition 4.1.
13)
and we get
14)
Finally, we have for i = 1, . . . , n − 1,
Algorithm for computing the p i s
We can use the de Casteljau algorithm for computing the value of φ i (t j ).
. . , n − 1, j = 1, . . . , r − 1, and set
m+1 , for l = 1, . . . , n, and m = 0, . . . , n − l, In Figure 4 .1, we see (a) given set of points (q 0 , . . . , q n ) and the approximation curves U 30 (f, t) and K 30 (f, t), (b) given set of points q i = (i/10, sin(iΠ/10)), i = 0, . . . , 10, and the approximation curves U 8 (f, x) and B 8 (f, x). These numerical examples show that the operator U n offers better approximation of the given points than the Bernstein operator B n and the Bernstein-Kantorovich operator K n .
Conclusion
By application of the Bernstein-type operator introduced by Goodman and Sharma, we have presented a new method for the degree reduction of a Bézier curve with endpoint interpolation property and a practical algorithm of de Casteljau type. Then we propose a solution for the approximation of a given set of (r + 1) points by a degree n Bézier curve, where n is independent of r and the rate of approximation is better than the BernsteinBézier curve for a suitable choice of the degree and the parameter. It could be interesting to study these two methods for Bézier surfaces.
